In this note, we propose a straightforward notion of transport distance on a graph that is readily computable via a convex optimization reformulation. Similar ideas lead to a Wasserstein distance on vector-valued densities, that allow us to apply optimal mass transport to graphs whose nodes represent vectorial and not just scalar data. We are interested in the application to various communication, financial, biological networks.
I. INTRODUCTION
In the present work, we propose a new notion of transport distance on weighed undirected graphs. This definition is in the same spirit of Erbar and Maas [7] . In the latter work, a continuity equation and a resulting Wasserstein-type metric is defined on the space of densities of a weighted graph (Markov chain), and a notion of Ricci curvature is given. The formulation of the present paper has the useful property that the distance can be computed by solving a convex optimization problem. In both cases, the formulations are based on the Benamou-Brenier theory [3] . This paper continues the program of [5] of extending Wasserstein theory to densities defined on new spaces via the Benamou-Brenier approach to optimal mass transport.
A very nice feature of the overall methodology is that one can define a notion of transport distance for vector-valued densities. This, together with optimal transport on graphs, can be used to study the vector-valued transport problems on graphs where we have a vector instead of a scalar at each node. This can have far-reaching consequences in many practical problems, e.g. combining genomic and proteomic networks. As with the weighted graph case, the transport distance on vector-valued densities may be reduced to a convex optimization problem.
We now summarize the remainder of this note. In Section II we describe the proposed Wasserstein metric on an undirected weighted graph. Then in Section III, we formulate the new Wasserstein distance on vector-valued densities. The combination of these two leads to a vector-valued transport distance on graphs, which is discussed in Section IV. Finally in Section V, we outline some possible applications of the theory presented in this paper.
II. WASSERSTEIN METRIC ON WEIGHTED GRAPHS
Consider a connected, positively weighted, undirected graph G = (V, E, W) with n nodes and m edges. We denote the nodes by i, 1 ≤ i ≤ n. In the usual way, we consider the set of probability densities on G that we will denote by D. Note that an element ρ ∈ D may be regarded as column vector
The interior of D is denoted by D + .
The heat equation on the graph G isρ
where L, D, W denote the Laplacian, incidence matrix, and weights, respectively. Defining the gradient operator
and the graph heat equation becomesρ
Now we can define continuity equation with this gradient operator ∇ G . Letting u(t) ∈ R m denote the flux on each edge, then a continuity equation should have the forṁ
Note that since the row vector consisting of all 1's lies in the left kernel of the incidence matrix, mass is preserved in the evolution given by equation (2) . We would like the flux u to have the structure "ρv" as in [3] . Unfortunately, the flux is defined on the edges E while the density is defined on the nodes V, and thus they have different dimensions.
One possible fix is associating the flux on an edge with the density of its source. For instance, for the flux u k on the edge e k = (i, j) with source i and sink j, we can define velocity by u k = ρ i v k . An alternative is splitting the flux u k into two parts with opposite directions as u k = ρ j v k − ρ ivk , but restricting the velocity v k ,v k to be nonnegative numbers. We will pursue this formulation.
To summarize, we propose the following continuity equation
Here • represents point-wise multiplication. The matrix D 1 is the portion of the incidence matrix D with the 1's (sources), and
In other words, D T 1 ρ is the density at the source of an edge, and D T 2 ρ is the density at the sink of an edge. Clearly equation (3) preserves the positivity of the ρ and from our above remark on the kernel of D the mass as well. Now we can define a transport distance between µ ∈ D + and ν ∈ D + as
It is not difficult to see that at each time instant, for each k, at most one of the v k and w k is nonzero. Let
•v, then the above can be reformulated as a convex optimization problem
It can be shown that W 2,a satisfies the positivity and triangle inequality while the symmetry is missing, therefore, W 2,a is a non-symmetric "Riemannian" metric [23] , which is given by
for small perturbation δ.
This "Riemannian" metric W 2,a has a very nice "geodesic" property. Let ρ(·) be the density flow obtained by solving the above optimization problem (5), then
for any 0 ≤ s < t ≤ 1. In addition, the distance W 2,a can be extended to D, the closure of D + , by continuity.
Remark:
One can symmetrize W 2,a in the obvious way, namelŷ
which can be computed by solving two convex optimization problems. A similar remark holds for the metrics W 2,b and W 2,c defined below.
III. VECTOR-VALUED DENSITIES
The above set-up can be used to define a Wasserstein type metric on vector-valued densities which we will now describe. More precisely, a vector-valued density
The set of all vector-valued densities and its interior are denoted by D and D + respectively.
Different ρ i may represent densities of different types (or particles) but there is a possibility for the mass to transfer from one type to another, that is, we allow mass transfer between different densities. Therefore, the change of density is determined by two factors: the mass flow within the same type of density and the mass transfer between different types of densities. This dynamics may be described by the following continuity equation:
Here v i is the velocity field of particles i and w ij ≥ 0 is the transfer rate from i to j. In (8) , all types of densities are treated equally. More generally, the mass transfer between the ℓ types of particles can be modeled by a graph G 1 = (V 1 , E 1 , W 1 ). Equation (8) corresponds to the case where G 1 is a complete graph with all weights equal to 1. For simplicity, we will stay with the special case (8) .
With this continuity equation, given µ, ν ∈ D + , we can formulate the optimal mass transport problem
The coefficient γ > 0 is a tradeoff parameter between the transport cost for the same type of particles and mass transfer cost between different types of particles. When γ is large, the solution tends to reduce the mass transfer. We define Wasserstein distance as in (9a). As with W 2,a , it can be shown that W 2,b satisfies positivity and triangle inequality properties, but it is not symmetric. Again, W 2,b has the geodesic property that
for all 0 ≤ s < t ≤ 1, assuming ρ is the optimal flow for (9) .
It follows that the problem (9) has a convex reformulation
IV. VECTOR-VALUED TRANSPORT ON GRAPHS
In this section, we consider vector-valued transport problem on graphs. A vector-valued density defined on graph G = (V, E, W) (with n nodes and m edges) is a tuple ρ = (ρ 1 , · · · , ρ ℓ ) with each ρ i being a vector in R n + such that
We denote the set of all densities as D and D + its interior. Combining (3) and (8) we obtain a continuity equationρ
We can view a vector-valued density as a distribution on ℓ identical layers of graph G while the same nodes at different layers are connected through a complete graph. The two velocity fields v, w represent mass transfer within the same layer and between different layers respectively.
Given two marginal densities µ, ν ∈ D + , we define their Wasserstein distance as
Similarly, the above has a convex reformulation
V. CONCLUSIONS AND FURTHER RESEARCH
We are very interested in applying this methodology now to studying the robustness of various networks as was done in [25] , [26] for biological and financial networks, and [29] for communications networks.
1) Biological networks:
The study of cellular networks (e.g., signalling and transcription) has become a major enterprise in systems biology; see [1] and the references therein. One of the key problems is understanding the some of the properties of cellular networks, in order to differentiate a diseased state from a normal cellular state. As is argued in several places [11] , [30] , [25] network properties may help in formulating systems biological concepts that could lead to novel therapies for a number of diseases including cancer. This would involve integrating genetic, epigenetic, and protein-protein interaction networks.
2) Financial networks:
Stock-data and financial transactions provide an insight into the vast globewide financial network of human activities. The health of the national and world economy is reflected in the robustness and self-regulatory properties of the markets. Long range correlations are responsible for cascade failures due to financial insolvency. Indeed, multiple exposures of companies is often the root cause of infectious propagation of balance sheet insolvency with catastrophic effects. It is of interest to understand the relation between the various financial parameters (assets, liability, capital) that quantify the stress and the buffer capabilities of financial institutions with the network connectivity and interdependence (weighted network Laplacian) so as to assess risk of cascade failures, fragility, and devise ways to mitigate such effects. See [26] and the references therein.
